Introduction
In this paper we study calibrated 4-folds in R 7 and R 8 , which are called coassociative in the case of R 7 , and are called special Lagrangian and Cayley in R 8 .
We introduce the area of 2-ruled 4-folds in R 7 and R 8 , that is, submanifolds M of R n , where n = 7 or 8, that admit a fibration π : M → Σ over some 2-fold Σ such that each fibre, π −1 (σ) for σ ∈ Σ, is an affine 2-plane in R n . We say that a 2-ruled 4-fold M in R n is r-framed if we are given an oriented basis for each fibre in a smooth manner, and in such circumstances we may write M in terms of orthogonal smooth maps φ 1 , φ 2 : Σ → S n−1 and a smooth map ψ : Σ → R n as follows: M = {r 1 φ 1 (σ) + r 2 φ 2 (σ) + ψ(σ) : σ ∈ Σ, r 1 , r 2 ∈ R}.
We may then define the asymptotic cone M 0 of M by:
M 0 = {r 1 φ 1 (σ) + r 2 φ 2 (σ) : σ ∈ Σ, r 1 , r 2 ∈ R}.
The motivation for this paper comes from the study of ruled special Lagrangian 3-folds in C 3 in [3] and ruled associative 3-folds in R 7 in [4] : these are calibrated 3-folds that are fibred over a 2-fold by (real) affine straight lines. We begin in §2 by discussing calibrated geometry in R 7 and R 8 . In particular,
we show that coassociative and special Lagrangian 4-folds can be considered as special cases of Cayley 4-folds. In §3 we give the definitions required to study 2-ruled submanifolds. We then, in §4, give our main result, Theorem 4.4, which is on non-planar, r-framed, 2-ruled Cayley 4-folds. This characterizes the Cayley condition in terms of a coupled system of nonlinear, first-order, partial differential equations that φ 1 and φ 2 satisfy, and another such equation on ψ which is linear in ψ. Therefore, for a fixed non-planar, r-framed, 2-ruled Cayley cone M 0 , the space of r-framed 2-ruled Cayley 4-folds M which have asymptotic cone M 0 has the structure of a vector space. brated with respect to Φ are called Cayley 4-folds.
The subgroup of GL(8, R) preserving Φ is called Spin(7). It is a compact, connected, simply connected, semisimple, 21-dimensional Lie group, which also preserves the Euclidean metric and the orientation on R 8 . It is isomorphic to the double cover of SO(7). We may also consider R 8 as C 4 and so we now define the calibration and calibrated 4-folds in C 4 , which can easily be generalised to m-folds in C m .
Definition 2.4 Let C 4 have coordinates (z 1 , z 2 , z 3 , z 4 ), complex structure I and metric g = |dz 1 | 2 + . . . + |dz 4 | 2 . Then we define a real 2-form ω and a complex 4-form Ω on C 4 by:
Let L be a real oriented 4-fold in C 4 . Then L is a special Lagrangian 4-fold in C 4 with phase e iθ if L is calibrated with respect to cos θ Re Ω + sin θ Im Ω. If the phase of L is unspecified then it is taken to be one so that L is calibrated with respect to Re Ω.
Harvey and Lawson [1] give the following alternative characterizations of calibrated 4-folds in R Note that the condition that ω restricts to zero on L is the condition for L to be Lagrangian.
The final result is taken from [1, Corollary IV. 1.29] . It requires the definition of the fourfold cross product of four vectors in R 8 , for which we identify R 8 with the octonions, or Cayley numbers, O.
Definition 2.7 Let x, y, z, w ∈ O ∼ = R 8 . We define the triple cross product of x, y, z by:
Then the fourfold cross product of x, y, z, w is given by:
x × y × z × w = 1 4 x(y × z × w) +ȳ(z × x × w) +z(x × y × w) +w(y × x × z) .
Proposition 2.8 Let V be an oriented 4-plane in R 8 with basis (x, y, z, w). Then V is Cayley if and only if
Im(x × y × z × w) = 0.
In §4 we shall need the following properties of Cayley 4-folds that relate to real analyticity. The first is a consequence of [ We end the section by giving the following result which shows that coassociative and SL 4-folds are special cases of Cayley 4-folds in R 8 , the proof of which is immediate from equations (1)-(4).
Proposition 2.11 If we consider
, with x 1 as the coordinate on R, then:
If we consider R 8 ∼ = C 4 then:
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We begin by defining 2-ruled 4-folds in R n (where n = 7 or 8).
where Σ is a 2-dimensional manifold and π : M → Σ is a smooth map, such that π −1 (σ) is an affine 2-plane in R n for all σ ∈ Σ. Then the triple (M, Σ, π)
is a 2-ruled 4-fold in R n .
An r-framing for a ruling (Σ, π) of M is a choice of oriented orthonormal basis for the affine 2-plane π −1 (σ), for each σ ∈ Σ, which varies smoothly with σ.
Then a 2-ruled 4-fold (M, Σ, π) with an r-framing is called an r-framed 2-ruled 4-fold. Let (M, Σ, π) be an r-framed 2-ruled 4-fold in R n . For each σ ∈ Σ define (φ 1 (σ), φ 2 (σ)) to be the oriented orthonormal basis for π −1 (σ) given by the rframing. Then φ 1 , φ 2 : Σ → S n−1 are smooth maps. Define ψ : Σ → R n such that, for all σ ∈ Σ, ψ(σ) is the unique vector in π −1 (σ) orthogonal to φ 1 (σ) and φ 2 (σ). Then ψ is a smooth map and we may write:
If we define a submanifold M 0 of R n by:
then M 0 is usually a 4-dimensional cone called the asymptotic cone of M . We may define the asymptotic cone M 0 more generally as the set of points in planes Π including the origin such that Π is parallel to π −1 (σ) for some σ ∈ Σ. This clearly coincides with our above definition in the case where M is r-framed.
Before we go on to study 2-ruled calibrated 4-folds it is worth noting that we can consider any r-framed 2-ruled 4-fold as being defined by three maps φ 1 , φ 2 , ψ as in Definition 3.1. Therefore, we may construct 2-ruled calibrated 4-folds by formulating evolution equations for the maps φ 1 , φ 2 , ψ.
We also justify the terminology of asymptotic cone as given in Definition 3.1, and for this we need to define the term asymptotically conical with order O(r α ), where r is the radius function on R n , which is taken from [3] .
Definition 3.2 Let M 0 be a closed cone in R n , nonsingular except at 0, and let M be a closed nonsingular submanifold of R n . Then M is asymptotically conical to M 0 with order O(r α ) for some α < 1 if there exists some constant R > 0, a compact subset K of M , and a diffeomorphism Ψ :
whereB R is the closed ball of radius R in R n and ι : M 0 \B R → R n is the inclusion map.
Let M be an r-framed 2-ruled 4-fold with asymptotic cone M 0 . Then, writing M and M 0 in the form (8) and (9) respectively, we may define a diffeomorphism Ψ :
Then if Σ is compact, so that ψ is bounded, we see that Ψ satisfies (10) for α = 0. Therefore M is asymptotically conical to M 0 with order O(1). We now give a straightforward result on the asymptotic cones of 2-ruled calibrated 4-folds which we omit the proof of. 
The Partial Differential Equations
We now wish to construct 2-ruled calibrated 4-folds in R 7 and R 8 by partial differential equations for maps φ 1 , φ 2 , ψ. By Proposition 2.11, it is enough to consider the Cayley case in order to deduce the result for all calibrated 4-folds in R 7 and R 8 , so we now explore the Cayley condition on the maps φ 1 , φ 2 , ψ.
Let Σ be a two-dimensional, connected, real analytic manifold, let φ 1 , φ 2 : Σ → S 7 be orthogonal real analytic maps such that ι : Σ × S 1 → S 7 defined by ι(σ, e iθ ) = cos θφ 1 (σ) + sin θφ 2 (σ) is an immersion, and let ψ : Σ → R 8 be a real analytic map. It is clear that R 2 × Σ is an r-framed 2-ruled 4-fold with 2-ruling (Σ, π), where π is given by π(r 1 , r 2 , σ) = σ. Let M be defined by equation (8). Then M is the image of map ι M :
Since ι is an immersion, ι M is an immersion almost everywhere, and thus M is an r-framed 2-ruled 4-fold in R 8 .
We now suppose that M is Cayley in order to discover the conditions that this imposes upon φ 1 , φ 2 , ψ. Firstly, we note that the asymptotic cone M 0 of M is Cayley by Proposition 3.3, and also that M 0 is the image of the map
Since we suppose ι is an immersion, ι 0 is an immersion except at (r 1 , r 2 ) = (0, 0), so M 0 is nonsingular except at 0. We then note that Φ is a nowhere vanishing 4-form on M 0 that defines its orientation, since M 0 is Cayley. This forces Σ to be oriented, for if (s, t) are local coordinates on Σ, then we can define them to be oriented by imposing the condition that:
for all (r 1 , r 2 ) ∈ R 2 \ {(0, 0)}. It follows that:
We may then deduce that {φ 1 , φ 2 , ∂φj ∂s , ∂φj ∂t } is a linearly independent set for j = 1, 2. We also note that (11) is equivalent to the condition that ι is an immersion.
We can now find the conditions imposed on φ 1 , φ 2 , ψ given that M is Cayley.
We have that T p M is a Cayley 4-plane, so by Proposition 2.8 this is true if and only if Im(x × y × z × w) = 0. This implies that a quadratic in r 1 , r 2 must vanish, but since this condition is forced to hold for all (r 1 , r 2 ) ∈ R 2 we have that each coefficient in the quadratic is zero. Therefore the following set of equations must hold in Σ:
Im
We may note that if we do not suppose M to be Cayley but instead insist that equations (13)-(18) hold in Σ, then following the argument above we see that each tangent space to M must be Cayley and hence M is a Cayley 4-fold. It is also worth noting that equations (13)-(15) are precisely the conditions for the asymptotic cone M 0 of M to be Cayley.
Although we have derived equations for the maps φ 1 , φ 2 , ψ, we may rewrite them, under suitable conditions, by constructing a metric on Σ using the maps φ 1 , φ 2 and the metric on R 8 . We are then able to obtain a much neater result in the form of partial differential equations involving the triple cross product of three vectors in R 8 . If x, y, z ∈ R 8 then we may write the triple cross product as:
using index notation for tensors on R 8 , where g de is the inverse of the Euclidean metric on R 8 . It can be easily verified, using equation (3) and a multiplication table for the octonions, that this definition coincides with the one given in (5). We can immediately deduce that:
It is worth noting that the triple cross product x × y × z is orthogonal to x, y, z, and that it is nonzero if and only if {x, y, z} is a linearly independent set.
to be the component of f (σ) that lies in the orthogonal complement of
We then see by the definition of the fourfold cross product that (13)- (15) hold if and only if
for all θ ∈ R. Let σ ∈ Σ. From (11) we see that, for each θ ∈ R, the four terms above in the fourfold cross product, evaluated at σ, form a basis for a Cayley 4-plane Π θ . By the definition of the triple cross product we see that we may also take (φ 1 (σ), φ 2 (σ), cos θ ∂φ1 ∂s
⊥ (σ)) as a basis for Π θ . Therefore, we may write:
for constants A θ , B θ depending on θ. Therefore we may set θ = 0, π 2 in (22) and substitute back in the expressions found for the t derivatives to obtain:
In order to proceed in defining a metric on Σ, we must impose a condition on the dimension of V σ = ∂φ1 ∂s
We first note that V σ is closed under the action of the map J :
It is also clear, through calculation in coordinates, that J 2 = −1 on V σ . Therefore, J can be considered as a form of complex structure on V σ , and hence V σ must have even dimension. Therefore, since the case dimV σ = 0 is excluded by (12), we have that dimV σ = 2 or 4. If dimV σ = 4 then, by real analyticity, for generic σ ∈ Σ, there exists an open set U such that dimV σ = 4 for all σ ∈ U , and hence by connectedness of Σ, dimV σ = 4 throughout Σ. We may therefore deduce that either dimV σ = 2 everywhere in Σ or dimV σ = 4 almost everywhere. Suppose that dimV σ = 4. This implies that the four vectors in (23) are linearly independent, and hence we have that:
for all θ. This clearly forces A θ , B θ to be constant.
Suppose A θ = A and B θ = B for all θ, where A, B are real constants. We may define a metric g Σ on Σ pointwise by the following equations:
Using (22) and the fact that J 2 = −1 on V σ we see that:
, for j = 1, 2, where K is a 2 × 2 matrix given by:
If we transform coordinates (s, t) to (s,t), with Jacobian matrix L, then K transforms to a matrixK = LKL −1 . We may then calculate the correspondingÃ,B definingK, and we have that they satisfy (24) for the transformed coordinates (s,t). Therefore g Σ is a well-defined metric covariant under transformation of coordinates.
Having defined the metric g Σ we can consider Σ as a Riemannian 2-fold, which has a natural orientation derived from the orientation on M and the orientation on the 2-planes φ 1 (σ), φ 2 (σ) R . Therefore it has a natural complex structure which we may denote as J. If we choose a local holomorphic coordinate u = s + it on Σ, then the corresponding real coordinates must satisfy ∂ ∂t = J ∂ ∂s . We say that local real coordinates (s, t) on Σ satisfying this condition are oriented conformal coordinates. This forces A = 0, B = 1 in the notation of (24), since B > 0 by (12).
We are now in the position to state and prove a theorem in this case, which gives a formulation for the Cayley condition on r-framed 2-ruled 4-folds in terms of partial differential equations. 
for some function f : Σ → R, and ψ satisfies
for some functions g 1 , g 2 : Σ → R, where the triple cross product is defined in (19) and (s, t) are oriented conformal coordinates on Σ.
Proof: We saw above that equations (13)- (18) are equivalent to the condition that M is Cayley, so we shall show that equations (13)-(15) are equivalent to (25)-(26), and that (16)-(18) are equivalent to (27).
Let σ ∈ Σ. Since φ 1 maps to S 7 it is clear that φ 1 (σ) is orthogonal to ∂φ1 ∂s (σ) and ∂φ1 ∂t (σ). By equation (22), and the work above, we may therefore write:
for some real constants a 1 , a 2 , a 3 . We may then calculate:
The left-hand side is zero by (24) since (s, t) are oriented conformal coordinates, and hence a 3 = 0. We also have that:
Therefore a 2 1 = 1 by (24). Further, taking the inner product of (28) with the triple cross product, we have that:
using equation (19). Therefore a 1 > 0 by the orientation on M . Hence a 1 = 1, and we then have that (25) holds at σ with f (σ) = a 2 . If (25) holds at σ then we necessarily have that the 4-plane spanned by
∂t (σ)} will be Cayley by the definition of the triple cross product.
Similarly, we can deduce that (14) holding at σ is equivalent to:
at σ, for some function f ′ : Σ → R. However, we know that:
and hence f ′ = −f .
Using Spin(7) we may transform coordinates on R 8 such that φ 1 (σ) = e 1 , ∂t (σ), and then it is a straightforward calculation in coordinates to show that equations (13)- (15) hold at σ. Since the triple cross product is invariant under Spin(7) by equation (19), we may conclude that (13)-(15) are equivalent to (25) and (26).
We now suppose that (16)-(18) hold at σ ∈ Σ. Using Spin(7), transform coordinates such that φ 1 (σ) = e 1 , φ 2 (σ) = e 2 , (25), we may then evaluate the terms in (17) as follows:
The determinant of the matrices in (31) and (32) is −b
We may also evaluate (16):
Substituting in the results above, we have that (34)-(35) are satisfied trivially and (36)-(39) become:
From this we may deduce that the determinants of the matrices in (40) and (41) are zero, or the vector appearing in both equations is zero. Therefore we must have that We see that (i) implies that (30) and (33) are satisfied, and that (27) holds at σ with
by the definition of the triple cross product and its invariance under Spin(7). We also see that (ii) corresponds to
holding for j = 1. Therefore, we have that (16) and (17) are equivalent to (27) or (42) for j = 1 holding at σ. We may similar deduce that (16) and (18) are equivalent to (27) or (42) for j = 2 holding at σ. We conclude that (13)-(18) are equivalent to (25), (26) and condition (27) or (42) for j = 1, 2 at each point σ ∈ Σ. We now show that each condition holds throughout Σ if it holds at all. We suppose that (27) does not hold at some point σ ∈ Σ. Then, since (27) is a closed condition on φ 1 , φ 2 , ψ, generically there exists an open neighbourhood U ∋ σ such that (27) does not hold in U . Therefore, we must have that (42) holds for j = 1, 2 in U . Similarly, if we suppose that (42) does not hold for j = 1, 2 at σ ∈ Σ, then generically there exists an open neighbourhood U ∋ σ such that (27) holds in U . Therefore either It is clear that the conditions on φ 1 , φ 2 , ψ given in Theorem 4.1 are sufficient to ensure that M as defined by (8) is Cayley irrespective of the dimension of V σ by the definition of the triple and fourfold cross product. We may also see that (42) holding in Σ for j = 1, 2 is trivial only because dimV σ = 4 almost everywhere.
It is worth noting that condition (27) is a linear condition on ψ given φ 1 and φ 2 , and that equations (25) and (26) are equivalent to the fact that the asymptotic cone M 0 of M is Cayley. Therefore, if we are given an r-framed, 2-ruled Cayley cone M 0 defined by maps φ 1 and φ 2 , then condition (27) will define a map ψ such that M is an r-framed 2-ruled Cayley 4-fold with asymptotic cone M 0 . We may also note that conditions (27) is unchanged if φ 1 and φ 2 are fixed and satisfy (25) and (26), but ψ is replaced by ψ +g 1 φ 1 +g 2 φ 2 for real analytic mapsg 1 ,g 2 . Therefore we can locally transform ψ such that g 1 and g 2 are zero.
If we suppose instead that dimV σ = 2 then we are unable, in general, to define a suitable metric and hence oriented conformal coordinates on Σ. However, we shall show that if we exclude planar r-framed 2-ruled 4-folds, then (25)-(27) of Theorem 4.1 characterize the Cayley condition on φ 1 , φ 2 , ψ and there is a natural conformal structure on Σ.
Gauge Transformations
Let φ 1 , φ 2 satisfy (25) and (26) in Theorem 4.1 for some map f . By taking the triple cross product of (25) and (26) with φ 1 and φ 2 , we may write:
for some function f ′ : Σ → R.
We are allowed to perform a rotation Θ(σ) to the (φ 1 (σ), φ 2 (σ))-plane at each point σ ∈ Σ as long as the function Θ is smooth. The choice of the function Θ will then transform the functions f, f ′ . We shall call such a transformation a gauge transformation.
We will now show that under certain conditions we can perform a gauge transformation such that f = f ′ = 0. Let Θ : Σ → R be a smooth function and defineφ 1 ,φ 2 by:
We then see thatφ 1 ,φ 2 satisfy (25) and (26) with f replaced byf = f + ∂Θ ∂t . We also have thatφ 1 ,φ 2 satisfy (43) and (44) 
and we must have that (45) and (46) are equal. In particular, we must have that the inner product of φ 2 with (45) and (46) must be equal. We note that:
and that:
However, we also have that:
Hence, since Φ is alternating, we may deduce that We now give a geometric interpretation of the flat gauge. Let (Σ, π) be a 2-ruling. Then, before choosing an r-framing, there is a natural U(1)-bundle over Σ and there is a natural connection on it. An r-framing, which is equivalent to a choice of maps φ 1 , φ 2 , gives a trivialization of the U(1)-bundle and the connection then has connection 1-form given locally by f ds + f ′ dt. Therefore the connection has curvature which may be locally written as ( 
Planar 2-ruled Cayley 4-folds
In this subsection we show that maps φ 1 , φ 2 , ψ which do not satisfy equations (25)-(27) of Theorem 4.1 for any local oriented coordinates (s, t) on Σ define a planar Cayley 4-fold.
We shall need the following result which shows that the equations in Theorem 4.1 can be considered as evolution equations for the maps φ 1 , φ 2 , ψ. We make the definition here that a function is real analytic on a compact interval I in R if it extends to a real analytic function on an open set containing I. 
where t is a coordinate on (−ǫ, ǫ) and the triple cross product is defined in (19). Let M be defined by:
Then M is an r-framed 2-ruled Cayley 4-fold in R 8 .
Proof: Since I is compact and φ and are orthogonal. We first note that:
This implies that:
which, together with the conditions g(φ 1 , φ 2 ) = ∂ ∂t g(φ 1 , φ 2 ) = 0 at t = 0 given by assumption, force g(φ 1 , φ 2 ) = 0 for all t. It then follows that |φ 1 |, |φ 2 | are independent of t and are therefore both one.
We are then able to conclude from Theorem 4.1 that M is an r-framed 2-ruled Cayley 4-fold in R 8 .
We now give the result claimed at the start of the subsection. Proof: We may take the 2-ruling (Σ, π) to be locally real analytic since M is real analytic wherever it is nonsingular by Theorem 2.9. Let I = [0, 1] and let γ : I → Σ be a real analytic curve in Σ. If we set φ
, then by Theorem 4.2 we construct maps φ 1 ,φ 2 ,ψ defining an r-framed 2-ruled Cayley 4-foldM satisfying (25)- (27) of Theorem 4.1. We have that M,M coincide in the real analytic 3-fold π −1 (γ(I)), and hence, by Theorem 2.10, they must be locally equal. Therefore, M locally admits a 2-ruling (Σ,π) satisfying (25)- (27) of Theorem 4.1, which must be distinct from (Σ, π) . It is also clear that distinct curves near γ in Σ will produce different rulings for M , and hence M has infinitely many different rulings. Let {γ u : u ∈ R} be a one parameter family of distinct real analytic curves near γ in Σ with γ 0 = γ. Each curve in the family defines a distinct 2-ruling (Σ u , π u ), and hence there exists p ∈ M with M nonsingular at p such that
is not constant as a 2-plane in R 8 . Hence we have a one parameter family of planes Π u ∋ p in M such that dΠu du = 0 for some u, i.e. such that Π u changes nontrivially. Therefore {Π u : u ∈ R} is a real analytic one-dimensional family of planes in M containing p. The total space of this family will be a real analytic 3-fold N contained in M . We also have that every plane in M containing p is a plane in the affine Cayley 4-plane p + T p M , and so N ⊆ p + T p M . By Theorem 2.10, M and p + T p M must coincide on a connected component of M , since N will have nonsingular points in their intersection. Hence M is locally isomorphic to an affine Cayley 4-plane in R 8 .
We may note that in the proof of Theorem 4.1 the condition (27) on ψ was forced by the linear independence of the derivatives of φ 1 , φ 2 . However, as we shall see in §5.2, non-planar 2-ruled 4-folds can be constructed when the derivatives of φ 1 , φ 2 are linearly dependent. Proposition 4.3 tells us that for any non-planar 2-ruled Cayley 4-fold M defined by maps φ 1 , φ 2 , ψ on Σ there locally exist oriented coordinates (s, t) on Σ such that (25)-(27) are satisfied. We shall see in the next subsection that there is therefore a natural conformal structure upon Σ, and (s, t) are oriented conformal coordinates with respect to this structure.
Main Results
We are now in the position to present the main results of the paper on 2-ruled calibrated 4-folds in R 7 and R 8 . The first result follows immediately from 
Then M is Cayley if and only if there locally exist oriented coordinates (s, t) on Σ such that:
where the triple cross product is defined by equation (19) and f, g 1 , g 2 : Σ → R are some real analytic functions.
We now prove the result claimed at the end of the last subsection. Proof: Let (s, t) be local oriented coordinates as given by Theorem 4.4. Then we may define a complex structure J on Σ by requiring that u = s + it is a holomorphic coordinate on Σ, i.e. that ∂ ∂t = J ∂ ∂s . We may note that φ 1 , φ 2 as given in Theorem 4.4 satisfy:
for j = 1, 2. Suppose that (s,t) are local oriented coordinates on Σ such that φ 1 , φ 2 also satisfy (54)-(55) in these coordinates. Hence, φ 1 , φ 2 satisfy (57)-(58) for the coordinates (s,t).
We may then calculate: Using (57)- (58) for (s,t) we then see that:
since at least one of the sets { Therefore we see that, using (59):
Hence we have the result.
It is clear that the conformal structure given by Proposition 4.5 coincides with the one given by the metric as described in the preamble to Theorem 4.1.
We shall now use Proposition 2.11 in order to prove analogous results for special Lagrangian 4-folds in C 4 and coassociative 4-folds in R 7 .
We begin with the special Lagrangian case and define the triple cross product of three vectors x, y, z on C 4 by:
using index notation for tensors on C 4 , where g de is the inverse of the Euclidean metric on C 4 . By equation (7), this triple cross product agrees with the one defined in (19) in the case where ω(x, y) = ω(y, z) = ω(z, x) = 0. 
Then M is special Lagrangian if and only if ω(φ 1 , φ 2 ) ≡ 0 and there locally exist oriented coordinates (s, t) on Σ such that:
where the triple cross product is defined by equation (60), and f, g 1 , g 2 : Σ → R are some real analytic functions.
It is worth making clear that (64)- (66) , for all (r 1 , r 2 ) ∈ R 2 and for all σ ∈ Σ. Hence, the equations that must be satisfied are ω(φ 1 , φ 2 ) ≡ 0 and:
However, if the functions φ 1 , φ 2 , ψ satisfy (67)-(71) and (54)-(56), then they must satisfy (64)-(66). Hence, it is enough to show that the conditions in the theorem force (67)-(71) to hold in order to prove the result.
We first note that if x, y, z, w are vectors in C 4 such that ω vanishes on x, y, z, w R , then by direct calculation in coordinates with see that:
using index notation for tensors on C 4 , where ǫ abcd is the permutation symbol, and the triple cross product is given in (60). Noting that ω(φ 1 , φ 2 ) ≡ 0, that (62) and (63) hold, and the relationship between the triple cross products on C 4 and R 8 , we see that (64)- (66) hold. Hence ω(φ j , ∂φ k ∂t ) = 0 for all j, k using (64)- (65) and (72). Therefore (67) is satisfied. We also have that (66) and (72) imply that (68) is satisfied. If we use (62)- (63), (64)- (66), and (72) again, we have that (69) is satisfied.
We now show that (70) and (71) are satisfied. We calculate using (62), (64)- (65) and (72):
by the definition of the permutation symbol. Hence (70) is satisfied. An entirely similar argument using (62)- (66) and (72) gives that (71) is satisfied.
We now go on to the coassociative case and define the triple cross product of three vectors x, y, z in R 7 by:
using index notation for tensors on R 7 , where g de is the inverse of the Euclidean metric on R 7 . If we embed R 7 as {0} × R 7 in R 8 , then we see from (6) that this triple cross product agrees with (19) in the case where ϕ(x, y, z) = 0. defined by orthogonal real analytic maps φ 1 , φ 2 : Σ → S 6 , and a real analytic map ψ : Σ → R 7 as follows:
Then M is coassociative if and only if there locally exist oriented coordinates (s, t) on Σ such that: 
Holomorphic Vector Fields
We now finish this section by giving a means of constructing r-framed 2-ruled calibrated 4-folds starting from r-framed 2-ruled calibrated cones using holomorphic vector fields. Suppose that M 0 is an r-framed, 2-ruled, Cayley cone in R 8 , defined by maps φ 1 , φ 2 : Σ → R 8 as in (9). Then Proposition 4.5 gives us a conformal structure on Σ related to the maps φ 1 , φ 2 , and hence we can consider Σ as a Riemann surface. Therefore Σ has a natural complex structure J and we may define oriented conformal coordinates (s, t) on Σ. Suppose further that φ 1 , φ 2 are in the flat gauge. Hence the equations φ 1 , φ 2 satisfy are:
We note from equations (80) and (81) that there is a correspondence between "φ 1 × φ 2 ×" and the complex structure J on Σ. 
Therefore, we see that:
Now, we may use (19) and (80) to calculate some of the terms in the above equations at the point σ:
A(a 7 e 5 − a 8 e 6 − a 5 e 7 + a 6 e 8 ),
∂s (σ) = A(−a 3 e 1 − a 7 e 5 + a 8 e 6 + a 5 e 7 − a 6 e 8 ),
Therefore, we have that ψ satisfies (56) at σ ∈ Σ with g 1 (σ) = −Aa 3 = −g( Unfortunately this result does not extend to the special Lagrangian case in the way we might expect. The holomorphic vector field construction starting with a 2-ruled SL cone M 0 will generally produce a 2-ruled Cayley, but not SL, 4-fold M . The fact that M is Cayley follows trivially from Theorem 4.8, but if we impose the condition that ω| M ≡ 0, we find that φ 1 , φ 2 must satisfy:
wherever w = 0. At such a point, either all the derivatives of φ 1 , φ 2 are zero or at least one is non-zero. In the first case both φ 1 and φ 2 are locally constant. Otherwise, suppose without loss of generality that 
so that M 0 is 2-ruled by planes of the form:
Π r,θ = {r cos θφ 1 (s, t) + r sin θφ 2 (s, t) : s, t ∈ R} = r 2 ie i(θ+s) , e i(θ−s) , e −i(θ−t) , e −i(θ+t) : s, t ∈ R .
We can then verify through direct calculation that g(φ 1 , φ 2 ) = ω(φ 1 , φ 2 ) = 0, (62), (64) and (65) of Theorem 4.6 are satisfied for f = 0, and that φ 1 , φ 2 are in the flat gauge. We then write w(s + it) = u(s, t) + iv(s, t) for functions u, v : R 2 → R, and we see that ψ = L w φ 1 + L iw φ 2 is given by:
ψ(s, t) = u(s, t) ∂φ 1 ∂s + v(s, t) ∂φ 1 ∂t − v(s, t) ∂φ 2 ∂s + u(s, t) ∂φ 2 ∂t = 1 2 iw(s + it)ie is , −iw(s + it)e −is , w(s + it)e it , −w(s + it)e −it .
We can check that ψ satisfies (56) of Theorem 4.4 with g 1 = 0 and g 2 = − 1 2 , which agrees with the calculations in the proof of Theorem 4.8. Therefore we have by Theorem 4.8 that M 1 as defined in (83) is an r-framed 2-ruled Cayley 4-fold.
We may see from the proof above that 2ω(φ 1 , ∂ψ ∂s ) = v and 2ω(φ 1 , ∂ψ ∂s ) = u, so that condition (63) of Theorem 4.6 is satisfied if and only if w ≡ 0. Therefore, if w is not identically zero, we have by Theorem 4.9 that M 1 as defined in (83) is an r-framed 2-ruled Cayley 4-fold which is not special Lagrangian. Similarly for M 2 and M 3 .
Ruled Associative and Special Lagrangian 3-folds
such that: M = {rφ(σ) + ψ(σ) : r ∈ R, σ ∈ Σ}, (91) ∂φ ∂t = φ × ∂φ ∂s ,
where (s, t) are oriented conformal coordinates on Σ, f : Σ → R is some real analytic function and × is given by (90). Conversely, suppose φ : Σ → S 6 and ψ : Σ → R 7 are real analytic maps satisfying the above equations on a connected real analytic 2-fold Σ. If M is defined by the equation above, then M is an r-oriented ruled associative 3-fold wherever it is nonsingular.
The second is adapted from [3, Theorem 5.4] , and requires the definition of a cross product on C 3 . Let
and define for vectors x, y ∈ C 3 :
using index notation for tensors on C 3 , where g cd is the inverse of the Euclidean metric on C 3 . 
where (s, t) are oriented conformal coordinates on Σ, f : Σ → R is some real analytic function and × is given by (95). Conversely, suppose φ : Σ → S 6 and ψ : Σ → C 3 are real analytic maps satisfying the above equations on a connected real analytic 2-fold Σ. If M is defined by the equation above, then M is an r-oriented ruled SL 3-fold with phase −i wherever it is nonsingular.
